We investigate the finite-size scaling of the boundary quantum geometric tensor (QGT) numerically close to the Anderson localization transition in the presence of small external magnetic fields. The QGT exhibits universal scaling and reveals the crossover between the orthogonal and unitary critical states in weak random magnetic fields. The flow of the QGT near the critical points determines the critical exponents. Critical distributions of the QGT are universal and exhibit a remarkable isotropy even in a homogeneous magnetic field. We predict universal and isotropic Hall conductance fluctuations at the metal-insulator transition in an external magnetic field.
We investigate the finite-size scaling of the boundary quantum geometric tensor (QGT) numerically close to the Anderson localization transition in the presence of small external magnetic fields. The QGT exhibits universal scaling and reveals the crossover between the orthogonal and unitary critical states in weak random magnetic fields. The flow of the QGT near the critical points determines the critical exponents. Critical distributions of the QGT are universal and exhibit a remarkable isotropy even in a homogeneous magnetic field. We predict universal and isotropic Hall conductance fluctuations at the metal-insulator transition in an external magnetic field. Introduction.-The geometrical structure of the Hilbert space continues to receive a lot of attention. The Fubini-Study metric tensor of the Hilbert space [1, 2] , also referred to as Fisher information metric [2] , provides a natural measure of distance in the Hilbert space, related to quantum fidelity -a fundamental concept in quantum information science [3] . The Fubini-Study metric tensor [4, 5] has also been used to analyze quantum critical points in many systems including interacting spin models [6, 7] , many-body systems [8, 9] , and systems exhibiting topological order [10, 11] . Non-adiabatic dynamics in driven quantum systems is also deeply connected to the Riemannian metric of the ground state manifold [12] .
Another fundamental geometric concept in quantum theory is the Berry phase [13] , a geometric invariant in quantum state manifolds. The presence of a non-trivial Berry curvature leads to interesting quantum interference phenomena [14, 15] and impacts the trajectory of wave packets [16, 17] . The Zak phase [15, 18] -the Berry-phase associated with closed loops in the Brillouin zone -and its higher dimensional analogues play central role in the description of topological insulators [19] [20] [21] . Non-abelian Berry phases of degenerate ground state manifolds, on the other hand [22] , can generate spin relaxation in the absence of external magnetic fields [23] and underlie realizations of non-abelian statistics in topological superconductors [24] .
The concepts of the Fubini-Study metric tensor and the Berry phase can be unified through the so-called quantum geometric tensor (QGT) [25] . Consider a quantum system, whose Hamiltonian H({φ i }) and eigenstates |α({φ i }) depend smoothly on a set of real parameters, φ i . The QGT of the eigenstate |α({φ i }) at a point {φ i } in the parameter space is then defined as
The matrix Q ij α is Hermitian and gauge invariant. Its (symmetric) real part is the metric tensor associated with the manifold |α(φ) [1, 25] , while its imaginary (antisymmetric) part is the Berry curvature form [13, 25] , whose surface integral yields the Berry phase associated with closed loops in parameter space.
In the present work, we demonstrate that the QGT offers deep insight into a long-standing problem in condensed matter physics, Anderson's disorder-driven metalinsulator (MI) transition in small external magnetic fields [26, 27] . In particular, the structure of the QGT reflects the universality class of the Anderson transition. Elements of the QGT display universal finite size scaling close to the metal-insulator transition, and capture the flow between the orthogonal (B = 0) and unitary (B = 0) universality classes. At the transition, the elements of the QGT have universal distributions, characteristic of the underlying symmetry of the transition, but, surprisingly, independent of the direction of the external field. We predict that these universal fluctuations show up as universal and isotropic Hall conductance fluctuations at the metal-insulator transition.
Mathematical model.-To investigate the effect of small magnetic fields on the properties of eigenstates close to the MI transition, we study disordered noninteracting spinless fermions on a three-dimensional cubic lattice in external magnetic fields, described by the Hamiltonian
Here c † r (c r ) creates (annihilates) a fermion on site r = (x, y, z), and the V r denote independent random variables uniformly distributed in the interval [−W/2, W/2]. The second term in Eq. (2) accounts for nearest neighbor hopping, with the magnetic field incorporated through the Peierls substitution, t rr = t e i2πA rr . In homogeneous fields we use the gauge of Ref. 28 for the bond vector po-tentials A rr , while in random fields the A rr denote independent, uniformly distributed random variables from the interval [−W B /2, W B /2].
Single particle eigenstates ofĤ are usually classified as 'extended' or 'localized'. The latter emerge close to the band edge, and are separated from the former at small disorder by so-called mobility edges [27] . Correspondingly, the system is insulating or metallic if states at the Fermi energy are localized or extended, respectively.
Universality classes and criticality.-The spatial structure of localized (extended) states is characterized by the localization (coherence) length, ξ. These latter length scales depend on the energy of the states, and diverge at the mobility edge E c following a power law, ξ ∼ |E − E c | −ν . This divergent behavior is the ultimate basis of single parameter scaling theory [29] : assuming that close to the MI transition ξ is the only relevant length scale, the zero temperature dimensionless conductance g = G/(e 2 /h) of a system of size L must be a function of L/ξ only, and therefore must obey the scaling equation, ∂g/∂ ln L = β(g), with β(g) a universal function. This beta function has indeed been determined both perturbatively and numerically in the absence of external magnetic field. Its universal properties have been convincingly demonstrated [29] [30] [31] . In the presence of a sufficiently strong time reversal breaking, however, a clearly distinct, but apparently also universal scaling has been observed [32] .
The beautiful construction of single parameter scaling must therefore necessarily break down in small magnetic fields. A weak external magnetic field generates a magnetic length scale, L B , which is typically much larger than all microscopic length scales. As a consequence, the dimensionless conductance should also depend on the ratio L B /ξ, implying a two-parameter dependence, g = g(L/ξ, L B /ξ), and invalidating the single parameter scaling theory [33] . Fortunately, very close to the transition -or in very large fields -we have L B /ξ → 0. Therefore universal scaling is still recovered at criticality, but with a modified 'unitary' beta function, β →β(g) [34] . So far the intriguing cross-over between orthogonal and unitary criticality has not been observed systematically in experiments, but it has been investigated to some extent within the non-linear sigma model approach [35, 36] , where the cross-over in a weak magnetic field has been addressed near the orthogonal critical point in 2 + ε dimensions. Perturbative scaling gives a qualitative picture of the cross-over, but the approximate values of the critical exponents are in significant disagreement with numerical results [31] . A precise description of criticality near the unitary fixed point therefore appears to be beyond the reach of this perturbative approach. Orthogonal-unitary cross-over has been observed numerically in the critical level spacing statistics in Ref. 37 , but the violation of the one parameter scaling theory is not addressed in that work. As we show now, the quantum geometric tensor provides an ideal tool to characterize this cross-over.
Two-parameter QGT scaling theory.-In the spirit of Thouless [2] , who related the boundary condition dependence of single particle energies to the dimensionless conductance, we shall investigate the boundary condition dependence of the single particle eigenstates of Eq. (2), determined by the eigenvalue equation
We prescribe here twisted boundary conditions, α φ (r + L n) = e i n·φ α φ (r) , with n = {n x , n y , n z } a vector of arbitrary integers, and φ = {φ x , φ y , φ z } collecting the boundary twists into a single vector. For a given system size and disorder realization, we can now view each eigenstate as a manifold, |α = |α(φ) , and define the corresponding QGT at zero twist, Q ij α ≡ Q ij α (φ = 0). In the presence of time reversal symmetry, the antisymmetric part of the tensor Q ij α vanishes. Moreover, the sum of Q ij α over occupied states is the Hall conductance [39] . The antisymmetric part of the QGT is therefore a promising dimensionless indicator of time reversal symmetry breaking, while the diagonal elements of Q ij are reminiscent of the Thouless number, and turn out to be in one to one correspondence with it [40] .
These observations lead us to introducing two real parameters for each eigenstate |α ,
These parameters fluctuate strongly for distinct disorder potentials and eigenstates. We therefore consider their typical magnitude, averaged over a large ensemble of samples,
that are functions of energy, system size, disorder strength, and magnetic field. As we demonstrate, these quantities behave as good scaling parameters, and satisfy the universal scaling equations
The content of Eq. (6) is that the logarithmic size dependence of the typical values g typ and h typ is completely independent of microscopic details such as W , W B , or the location of the Fermi energy, and is solely determined by g typ and h typ .
To verify the scaling hypothesis of Eq. (6), we first performed finite size computations in a homogeneous field, and evaluated the logarithmic derivatives on the left hand side for various disorder realizations and energies numerically. In the absence of external field, h(α) ≡ 0 for each level, we recover a flow along the axis h typ = 0 of the (g typ , h typ ) plane, as shown in Fig. 1 . This flow is governed by the one-parameter function, β g (g typ , 0), which we determined numerically (see Ref. [40] for details). A critical point emerges at g * B=0 = 0.3309 (18) , and the numerically determined β-function yields a critical exponent ν B=0 = 1.560(63), in good agreement with the best known result for orthogonal systems, ν orth = 1.571(8) [31] . We thus find that the trace of the QGT, ∼ g, behaves as an appropriate scaling variable, which can be used to replace the dimensionless conductance of the single-parameter scaling theory of Ref. 29 -or the Thouless conductance [2] .
Piercing just one flux quantum through our system brings us immediately to the unitary class of systems: It yields another, universal one-parameter trajectory in the (g typ , h typ ) plane, with a critical point at g * B =0 = 0.22215(87) and a finite h * B =0 = 0.01683 (13) . Again, the extracted value of the critical exponent, ν B =0 = 1.459(64) agrees well with the most accurate estimate in the literature, ν unitary = 1.424(15) [41] . These results prove that the antisymmetric part h of the QGT provides a good dimensionless, universal variable to distinguish the orthogonal and unitary universality classes.
Unfortunately, within the torus geometry used here, we cannot pierce less than one flux quantum through the system [28] , and this is already too large to observe the flow between the two critical points in the (g typ , h typ ) plane. We circumvented this difficulty by applying random vector potentials. In this case, we can tune the strength of time reversal symmetry breaking continuously by changing the strength W B of the random vector potentials. Reassuringly, in large random fields, W B 0.15, the flow perfectly coincides with the one parameter trajectory that we observed in homogeneous fields. In small random fields (W B 0.15), however, we can now clearly observe a two-parameter flow crossing over between the B = 0 and B = 0 universality classes, as presented in Fig. 1 . We should emphasize that the flow in Fig. 1 is independent of microscopic details, and is generated at each point by collecting data at different energies, and for different values of the disorder parameters W and W B .
A detailed analysis of the flow around the fixed points also allows us to extract the scaling exponents associated with the relevant (and leading irrelevant) operator [42] at the orthogonal (unitary) fixed points, associated with time reversal symmetry breaking,
Critical QGT distributions.-The typical values g typ and h typ still allow for large sample to sample and level to level fluctuations of g(α) and h(α) at and around the Fermi energy, and a corresponding broad distribution. At the critical points (g * typ , h * typ ), the Fermi energy lies just on the mobility edge, E C , where these distributions are expected to become independent of the sample size (scale invariant) and universal. To determine these universal distributions, we first have to locate the mobility edge for each disorder strength W and W B , and extract the critical distributions of the quantum geometric tensor Q ij α in its neighborhood. [40] .) The critical distributions of g(α) and h(α) are indeed independent of system size, disorder, and magnetic field strength. The power law tail of the distribution of g(α) resembles that of the critical distribution of the Thouless curvature [43] , though the exponent of the power law is found to be different: while, in agreement with heuristic arguments presented in the Supplemental Material [40] , P (g) falls off with a power close to 2.5, the exponent of the Thouless curvature's distribution is around 4 [44, 45] . Interestingly, systems with homogeneous and random fields give rise to identical distributions. This surprising agreement of the distributions in homogeneous and random fields indicates that the direction of the magnetic field is irrelevant at the critical point, at least from the point of view of the quantum geometric tensor's structure and distribution. Therefore the statistics of the QGT should be not only universal, but also rotationally invariant at the critical point.
To explore this symmetry, we generalized the parameter h and characterized the antisymmetric part of Q ij by three independent real numbers forming an axial vector,
(b) with kij the completely antisymmetric tensor. As shown in Fig. 2 .d, the joint critical distribution of the three parameters h x,y,z shows remarkable isotropy, even in a strong homogeneous magnetic field and the typical values of |h x,y,z | are all equal. This observation also justifies a posteriori the somewhat arbitrary choice of h = h z as a scaling variable in a random field, too. A detailed analysis of the distribution of the h i , shown in Fig. 2 .d -as well as that of the real symmetrical components of the QGT, shown in the Supplemental Material -reveals that the distribution of the QGT is not perfectly O(3) symmetrical, and slightly breaks rotational symmetry down to a cubic symmetry even at the critical point. This small symmetry breaking is equally present in random and homogeneous fields, therefore it cannot be induced by the direction of the magnetic field [40] , which could anyway only explain the emergence of a tetragonal symmetry. Rather, we explain this behavior as an effect of the cubic shape of the system on the structure of critical wave functions.
Universal Hall conductance fluctuations.-The behavior of the QGT at the critical point has an interesting experimental consequence. The antisymmetric part of the QGT is directly related to the Hall conductance through the Kubo-Greenwood formula [39, 46] ,
with E F the Fermi-energy, and k ∈ {x, y, z} the direction perpendicular to the plane of the Hall measurement. According to Eq. (8), chemical potential changes in a coherent mesoscopic sample induce Hall conductance fluctuations, determined by the critical distribution of the QGT. Consequently, in a magnetic field, at the metalinsulator transition, we predict the emergence of universal and isotropic Hall conductance fluctuations in a mesoscopic sample. These fluctuations as well as their precise distributions should be accessible in present-day experiments. As a possible implementation, one can think of disordered metallic samples in a Hall-measurement setup, with the mobility edge tuned, e.g., by applying strain. Changing the external magnetic field or the application of back gates should generate the mesoscopic fluctuations discussed here.
Conclusions.-In this work, we demonstrated that the QGT provides a unified framework to capture the cross-over between the orthogonal and unitary Andersonlocalized critical states. Our results show that the geometrical structure of the eigenstates is intimately connected to their spatial structure and the conductance properties at the Fermi energy. A natural generalization would be to study the behavior of QGT in models with weak spin-orbit coupling [41, 47] . In that casein the presence of time reversal symmetry -one expects a two parameter crossover between the orthogonal and the symplectic classes. If both spin-orbit coupling and magnetic fields are present, an even more complicated, three parameter behavior may appear. It is an intriguing question if the related cross-overs are reflected in the geometrical structure of the eigenstates, and if the expected three parameter scaling can be captured by the QGT. Generalizations in the presence of interaction and for the many body localization (MBL) transition are other open lines of research [48, 49] , though the extremely limited system sizes, make the scaling analysis of the QGT at the MBL transition a significantly harder task. 
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EXPLICIT FORMULAS FOR THE BOUNDARY GEOMETRIC TENSOR
In this section we derive explicit expressions for the quantum geometric tensor (QGT) [S1] , used in our analysis. The Hamiltonian, Eq. (2) of the main text, is supplemented by twisted boundary conditions. In a finite system, this boundary condition appears through the hopping terms at the boundary: there electron operators outside the boundary (r ) are replaced by phase shifted operators inside the boundary, r = r − nL, as c r = e in·φ c r , (S.1)
with n = (n x , n y , n z ) appropriately chosen integers and φ = (φ x , φ y , φ z ) the boundary twists. We can restore the periodic boundary conditions by performing the gauge transformation,
In terms of these, the Hamiltonian becomeŝ
To express the QGT, we need the derivatives
Expanding thenĤ(φ + dφ) =Ĥ(φ) + dφ · ∂Ĥ ∂φ + . . . and performing first order perturbation theory in dφ we obtain
(S.5)
THE QUANTUM GEOMETRIC TENSOR AND THE THOULESS NUMBER
The Thouless number [S2] , defined as the disorder averaged absolute curvature of the single particle energies at energy E, divided by the mean level spacing ∆ at E, is a commonly used indicator in the field of Anderson transitions,
Similar to the parameter g typ (see (6) in the main text), it is a function of energy, system size, disorder strength, and magnetic field. As argued in Ref. S2 , and numerically demonstrated in Ref. S3 , the Thouless number (S.6) measures the dimensionless DC conductance of a finite system. Fig. S1 shows the connection between the Thouless number and the parameter g typ ∼ tr Q. We observe an approximately linear connection between the two parameters; however, a significant difference appears in the dependence of C T on g typ in the presence, or absence of a strong enough external magnetic field. Nevertheless, the one-to-one connection between g typ and C T in the universal limits implies analogous one parameter scaling properties for both C T and g typ . Using g typ instead of the Thouless number is therefore a legitimate choice.
FINITE SIZE SCALING OF THE QGT IN A HOMOGENEOUS MAGNETIC FIELD
As stated in the main text, one cannot observe the orthogonal-unitary crossover in homogeneous magnetic fields, because there is at least one flux quantum pierced through a system on a torus. As shown in Fig. S2 for B = 0 (dark blue circles) and B = 0 (dark red squares). Light symbols show the naively calculated β-functions in weak random magnetic fields, while the system size is increased from L1 = 8 to L2 = 14. These non-universal curves are close to the orthogonal scaling function for the weakest fields but they approach the unitary scaling function as we increase the strength of the random field.
RG trajectories fall on two distinct lines in the {g typ , h typ } plane for B = 0 and B = 0. Even in the smallest magnetic field we could simulate (B = Φ 0 /196 in the units of flux/cell, and L = 14), the data points fall on the same line corresponding to the B = 0 universality class, and we cannot observe any trace of the unitary-orthogonal crossover in homogeneous fields. The positions of B = 0 trajectories and critical points in Fig. S2 coincide with the ones in Fig. 1 of the main text computed in a random field. This agreement strongly supports that models with homogeneous and strong random fields fall in the same universality class.
The inset of Fig. S2 shows the one parameter β-functions (β(g typ ) = ∂ ln g typ /∂ ln L) in the two universality classes. In addition we show the naively calculated β-functions in weak random magnetic fields, obtained by calculating numerically the derivative ∂ ln g typ /∂ ln L by increasing the system size from L = 8 to L = 14. We find a "motion" of these naive curves from the B = 0 to the B = 0 universal β functions upon increasing the size of the random field.
This continuous crossover demonstrates the failure of the one parameter scaling theory in weak random fields: there is necessarily a second relevant scaling variable at the orthogonal critical point that describes the crossover.
DETAILS OF FITTING THE CRITICAL POINTS AND EXPONENTS
To extract the critical parameters of the fixed points in the RG flow of Fig. 1 . we rewrite Eq. (6) into a vectorial form and then linearize the equation around the fixed points to get
Here g * typ and h * typ denote the coordinates of the corresponding fixed point, while the matrix M drives the linearized flow. In (S.7) we introduced the vector 
THE CRITICAL DISTRIBUTION OF g(α)
We have determined numerically the critical distribution of the trace of the geometric tensor, g(α) = tr{Q α }, both at the orthogonal and at the unitary critical points. The observed p(g) functions, shown in Fig. S3 , are similar at the two critical points, but exhibit important differences, too (see panels (a) and (b) of Fig. S3 ). At both critical points, p(g) displays power-law tails ∼ g −η at large g. However, while at the unitary critical point we observe an exponent η ≈ 2.5, at the orthogonal critical point η ≈ 2 seems to emerge. Both exponents are consistent with the expression, η = β/2 + 3/2, with β = 1 and β = 2 the usual parameters classifying the orthogonal and unitary universality classes, respectively. The exponent η is clearly different from the exponentη = 2 + β characterizing the distribution of the Thouless curvatures, c α ≡ π |∂ 2 φ E α |/∆, defined as the dimensionless level curvature, with ∆ referring to the typical level spacing (see red data points in Fig. S3 ).
The observed exponent η = β/2 + 3/2 follows from the expression Eq. (S.5) under the assumption that the sum is dominated by a single term with an anomalously small level separation, s ≡ |E α − E β=α+1 | ∆. By assuming furthermore that small level separations obey Wigner-Dyson statics even at the critical point, p(s) ∝ s β , we arrive As stated in the main text, the unitary (B = 0) critical point has a surprising isotropy: at the critical point the direction of a homogeneous magnetic field appears to be irrelevant. In addition, the joint distribution of the generalized parameters h k seems to have full rotational symmetry (O(3)) at first sight (see Fig. 2 in the main text) . Here we show in more details that, according to our data, the full O(3) symmetry is slightly broken and lowered to the discrete octahedral symmetry, interpreted as an effect of the cubic shape of our system.
The QGT, as defined in Eq. (1), follows the usual transformation laws of tensors under rotations: i.e. if one transforms the twist phases φ = (φ x , φ y , φ z ) with an orthogonal transformation φ → O φ, then the QGT transforms as
At the critical points the QGT is a random variable, with a probability density function P Q . The transformation O is a symmetry of the distribution, if
for every Q.
The parameters h k introduced in Eq. (11) parametrize the antisymmetric part of the tensor. As a result, these parameters follow the usual transformation laws of (axial-)vectors under orthogonal transformations,
(S.10)
Consequently, if the distribution of Q had full O(3) symmetry, the joint distribution of parameters h k would be spherically symmetric. One consequence of such a high symmetry on the marginal distributions would be the relations 11) with i = j = k. To test this symmetry, we first determine the typical magnitudes in the critical point, (h k ) typ = 0.01683 (13) , and (h i + h j + h k )/ √ 3 typ = 0.01769 (11) . This slight change is also directly visible in the probability density function. The distribution of ln |h| is shown in Fig. S4 , and only a slight shift is visible in the case of (h i + h j + h k )/ √ 3; however, the distortion of the distribution is hardly visible. The breaking of the rotational symmetry is stronger in the symmetric part of the QGT. If the tensor was O(3) symmetric, the following combinations would be equivalent, P (Q xy + Q yx ) , P (Q yz + Q zy ) , P (Q zx + Q xz ) , P (Q xx − Q yy ) , and P (Q yy − Q zz ) .
(S.12)
